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The structured tree boundary condition is a physiologically-based outflow boundary con-
dition used in hemodynamics. We propose an alternative derivation that is considerably
simpler than the original one and yields similar, but not identical, results. We analyze
the sensitivity of this boundary condition to its parameters and discuss its domain of valid-
ity. Several implementation issues are discussed and tested in the case of arterial flow in
the Circle of Willis. Additionally, we compare results obtained from the structured tree
boundary condition to the Windkessel boundary condition and measured data.

� 2012 Elsevier Inc. All rights reserved.
1. Introduction

The human vascular system is comprised of ten of billions of vessels spanning several orders of magnitude in size. Mod-
eling the entire system with high fidelity approaches from fluid dynamics and elasticity theory is thus not feasible. In many
applications, only a specific area of the system is of prime interest. A small number of vessels are then chosen and modeled in
detail while the remainder of the vascular network is accounted for through boundary conditions. We focus here on the de-
sign, analysis and implementation of conditions at the outlets on the boundary of the computational domain, i.e., in those
vessels through which blood flows out of the computational domain into the ‘‘un-modeled’’ part of the vasculature.

Significant efforts are currently being devoted to the construction of appropriate boundary conditions for three-dimen-
sional hemodynamics simulations, see for instance [18] or [30]. These issues are fundamental when dealing with a small
number of relatively large vessels. For larger networks of smaller vessels, such as in the simulation of cerebral blood flow
and perfusion, it has been recently confirmed that there is usually little to be gained by a full three-dimensional computation
versus a much simpler one-dimensional approach [6]. The present paper investigates boundary conditions for such one-
dimensional formulations.

A variety of boundary conditions have been proposed for one-dimensional models. One option is to prescribe the pressure
at each outlet. Although simple to implement, this method has been reported to give physiologically incorrect results in certain
cases [7]. Another option involves using an electrical circuit model analogy where pressure and flowrate are respectively
. All rights reserved.
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thought of as voltage and current. Examples of this include a pure resistor model [24], as well as the 3-element RCR Windkessel
model [1,3,21,23]. Although each of these methods has been used with success in certain cases (see above references), they
have the drawback of not being physiologically based. Additionally, they are sensitive to parameters (resistances and capac-
itance) which can not be directly measured and must be tuned to generate accurate model output, see for instance [3,10].

The structured tree boundary condition or impedance boundary condition originates from the work in [28] and was devel-
oped by Olufsen [15–17], see also [26]. It remedies some of the undesirable aspects of the above boundary conditions. The
vascular trees located downstream from the outlet vessels are assumed to have simple geometric structures – structured
trees – subject to certain scaling laws. In addition, a number of drastic simplifying assumptions, including linearization of
the governing equations, are made about the fluid dynamics in these trees. This allows for the analytical derivation of a
time-dependent expression relating pressure and flowrate at outlets. This boundary condition is physiologically based
and can be implemented at moderate computational cost.

The contributions of this paper are as follows. First, we propose in Section 2 a new derivation of the impedance boundary
condition. Our approach is much simpler than Olufsen’s. The resulting condition is not equivalent but very similar to that of
[15–17]. The key difference is that we first average the governing equations on cross-sections and then linearize as opposed
to linearizing first and then averaging. Second, we perform, in Section 3, analytical and numerical dependence studies of the
impedance boundary condition with respect to its defining geometrical parameters. Model output is found to critically de-
pend on scaling law factors and minimum vessel radius in the tree. Third, Section 4 is devoted to issues related to the numer-
ical implementation of the impedance condition. Its definition as a convolution integral raises both numerical and theoretical
questions which are, to the authors’ knowledge, discussed here for the first time. We also propose an efficient simplified
model allowing for the calculation of the initial flow history. Finally, numerical experiments are discussed in Section 5. Using
the example of the Circle of Willis, we compare numerical results obtained with the structured tree boundary condition to
numerical results obtained with the Windkessel condition and to data. Conclusions are offered in Section 6.

2. Structured trees

2.1. Geometry of the structured tree

The concept of structured tree in the arterial network, as described for instance in [16], assumes that vessels end by bifur-
cating into two daughter vessels. Vessels are taken to be cylindrical. For a parent vessel of radius rp, the radii of the daughter
vessels rd1 and rd2 are determined by two scaling parameters n and g
3 The
express
rn
p ¼ rn

d1
þ rn

d2
;

g ¼ rd2
=rd1

� �2
;

where g is the ratio of the cross-sectional areas of the two daughter vessels. The meaning of n is less obvious, although n ¼ 2
corresponds to conservation of area at the bifurcation. Knowledge of these two parameters allows us to express the radii of
the two daughter vessels in terms of the radius of the parent
rd1
¼ arp; rd2

¼ brp;
where a ¼ 1þ gn=2
� ��1=n and b ¼ a ffiffiffigp . Additionally, the ratio of a vessel’s length to its radius, k, is assumed to be constant.

Vessels with radius less than a specified minimum radius, rmin, terminate, i.e., they do not bifurcate.

2.2. Hemodynamics in the tree

In [15], Olufsen describes a process by which one may reduce the Navier–Stokes equations to a form that can be solved
analytically. The incompressible Navier–Stokes equations are considered in cylindrical coordinates; further, it is assumed
that the effect of gravity is negligible, there is no ‘‘swirl,’’ (the angular component of velocity is zero), and the flow is axisym-
metric. The equations are linearized, solved exactly, and the longitudinal component of the velocity is integrated to give an
equation for the flowrate, Q. Both Q and the pressure P are taken to be periodic in time with known period T (typically T is
chosen as the period of inflow data). Assuming also that @tP and @tQ are periodic, continuous, and of bounded variation (to
ensure that @tP and @tQ have pointwise convergent Fourier series), the following system of equations may be obtained for Q̂ k

and P̂k, the Fourier coefficients of Q and P
ixkCP̂k þ @xQ̂ k ¼ 0; ð1Þ

bQ k þ
A0

q
ð1� FkÞ@x

bPk ¼ 0; ð2Þ
where Fk ¼ 2J1ðwkÞ
wkJ0ðwkÞ

with J1 being the first order Bessel function, wk ¼ r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ixkq=l

p
; A0 ¼ pr2

0; r0 is the unstressed vessel ra-
dius, q is the density of blood, and l is the dynamic viscosity of blood.3 While the viscosity l is assumed constant, the appar-
above derivation requires the explicit use of multidimensional elasticity for the vessel reactions; the presence of a Bessel function in the above
ion is a testimony to that. The derivation proposed below only requires a simple constitutive law, see (10).
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ent viscosity depends in fact on vessel radius and hematocrit through the Fahraeus–Lindqvist Effect [4,19,20]. We do not take
these effects into account in the present work. Solving the above system yields
bPkð0Þ ¼ cos
xk

ck
L

� �bPkðLÞ þ
i

Cck
sin

xk

ck
L

� �bQ kðLÞ; ð3Þ

bQ kð0Þ ¼ iCck sin
xk

ck
L

� �bPkðLÞ þ cos
xk

ck
L

� �bQ kðLÞ; ð4Þ
where ck ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� FkÞ A0

qC

q
. Further, C ¼ dA

dP is the compliance, see Section 2.3 for details. The impedance Z is now defined by its

Fourier coefficients through bZk ,
bPk=bQ k. Letting x ¼ 0 and x ¼ L denote the two ends of the vessel under consideration, the

impedance at one end of the vessel may be expressed in terms of the impedance at the other end
bZkð0Þ ¼
cos xkL

ck

� �bZkðLÞ þ i ckCð Þ�1 sin xkL
ck

� �
cos xkL

ck

� �
þ ickC sin xkL

ck

� �bZkðLÞ
; ð5Þ

Ẑ0ð0Þ ¼ lim
xk!0

bZkð0Þ ¼ bZ0ðLÞ þ
8lk

pr3
0

: ð6Þ
In computing the limit in (6), we consider the variable xk in (5) in the continuous sense. At each bifurcation, pressure is as-
sumed to be continuous and mass flux is taken to be conserved, i.e.,
bPpa
k ðLÞ ¼ bPd1

k ð0Þ ¼ bPd2
k ð0Þ;bQ pa

k ðLÞ ¼ bQ d1
k ð0Þ þ bQ d2

k ð0Þ:
These two assumptions yield the following condition for the impedances at the bifurcation
1bZpa
k ðLÞ

¼ 1bZd1
k ð0Þ

þ 1bZd2
k ð0Þ

: ð7Þ
The structured tree model is closed by assuming the impedance at the ends (x ¼ L) of all terminal vessels to be equal to a
specific constant denoted Zterm. This value is typically taken to be 0 [16,17]; we take Zterm ¼ 0 in all analysis in this paper.
Given merely the radius of the root vessel, the impedance corresponding to that vessel and the entire vascular tree down-
stream from it may be calculated for any integer k using the above results. The geometric scaling laws determine the length
and radii of all vessels in the tree. The terminal impedance is then imposed at the ends of all terminal vessels, and by repeat-
edly applying expressions (5) and (7) in succession, a value for the impedance of the root vessel is obtained. An explicit
description of this algorithm can be found in [17].

2.3. Alternative formulation

In Section 2.2, the governing equations are first linearized, then averaged on cross sections. Reversing this order allows for
a drastically simpler derivation of a similar expression for the impedance since no multidimensional elasticity model has to
be considered. As is done in [15], blood flow is assumed to follow the axisymmetric, incompressible Navier–Stokes equa-
tions. The effect of gravity is neglected. These equations are then simplified to the point where they may be solved exactly.
First, the equations are averaged on-cross sections, leading to the classical one-dimensional formulation [2,3,5,23]
@tAþ @xQ ¼ 0; ð8Þ

@tQ þ
cþ 2
cþ 1

@x
Q 2

A

 !
þ A

q
@xP ¼ �2pðcþ 2Þl

q
Q
A
; ð9Þ
where A is the cross-sectional area and Q the flowrate; the density q is assumed to be constant, l is the viscosity. The system
is closed by a constitutive law for the pressure P, such as [16]
P � P0 ¼
4Eh
3r0

1�
ffiffiffiffiffi
A0

A

r !
; ð10Þ
with A0 ¼ pr2
0 being the cross sectional area of the unstressed vessel and E and h are the Young modulus and thickness of the

vessel wall. The parameter c determines the velocity profile. More precisely, the longitudinal velocity expressed in cylindri-
cal coordinates along the main axis of a vessel, is given by
uxðr; x; tÞ ¼
cþ 2

c
Uðx; tÞ 1� r

Rðx; tÞ

� �c� �
;

where Rðx; tÞ is the radius of the vessel (A ¼ pR2), and U ¼ Q=A is the cross-sectionally averaged velocity.
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In a second step, the system (8) and (9) is linearized in A around the constant value A0. Further, the system is expressed in
terms of P and Q, rather than A and Q through a linearization of the constitutive Eq. (10). This results in
Fig. 1.
dashed
the web
C@tP þ @xQ ¼ 0;

@tQ þ
A0

q
@xP ¼ �2pðcþ 2Þl

q
Q
A0
;

where C ¼ dA
dP is the compliance. The third and final step consists in assuming that P and Q are periodic in time, giving the

following system for their Fourier coefficients
ixkCbPk þ @x
bQ k ¼ 0; ð11Þ

ðixk þ dÞbQ k þ
A0

q
@x
bPk ¼ 0; ð12Þ
where d ¼ 2 lðcþ2Þ
qr2

0
. Solving the above system yields
bZkð0Þ ¼
cos xk

dk
L

� �bZkðLÞ þ iðdkCÞ�1 sin xk
dk

L
� �

cos xk
dk

L
� �

þ idkC sin xk
dk

L
� �bZkðLÞ

; ð13Þ

bZ0ð0Þ ¼ lim
xk!0

bZkð0Þ ¼ bZ0ðLÞ þ
2ðcþ 2Þlk

pr3
0

; ð14Þ
where dk satisfies d2
k ¼

xkA0
ðxk�idÞqC and k ¼ L=r0.

2.4. Comparison

The expressions for the impedances (13) and (14) and (5) and (6) are similar. In fact, the values of the average impedancebZ0ð0Þ are identical for a Poiseuille flow, i.e., for c ¼ 2 in (14). For both models, direct evaluation shows bQ 0ð0Þ ¼ Q̂ 0ðLÞ, i.e., the
temporally averaged flow rate is spatially constant throughout the vessel. Denoting the corresponding value Q , we observe
that both (14) (with c ¼ 2) and (6) are simply the Hagen–Poiseuille equation [25]
Pð0Þ � PðLÞ ¼ 8lLQ
pr4

0

;

where PðxÞ ¼ bP0ðxÞ. Fig. 1 displays the root impedance when each of these expressions is implemented in the structured tree
algorithm, showing that the use of these two expressions yields very similar results.

3. Dependence on minimum radius

In [15], Olufsen performs numerical sensitivity studies with respect to the minimum radius, rmin, and concludes that the
structured tree boundary condition is highly sensitive to this parameter. We now provide an analytical explanation of this
fact by analyzing the average root impedance, bZ root

0 ð0Þ. Consider first that instead of terminating according to a minimum
radius threshold, the tree terminates after a specific number of generations. An induction argument shows that the average
root impedance of this equi-generational tree, with N generations, can be expressed as
Modulus and phase of the root impedance generated by the structured tree algorithm using impedance relations (5) (blue, solid curve) and (13) (red,
curve). All parameter values (see Table 1) are from [17]. (For interpretation of the references to colour in this figure legend, the reader is referred to

version of this article.)



Table 2
Publish

n

2.66
2.71
2.9
3.0
2.33
2.76

Table 1
Parameters used to generate Figs. 1 and 3.

Geometric parameters n ¼ 2:76; g ¼ 0:41; k ¼ 50; rroot ¼ 0:2 cm, rmin ¼ 70 lm
Fluid parameters c ¼ 2; q ¼ 1:06 g cm�3, l ¼ 0:0488 g cm�1 s�1

Elastic relations C ¼ 3pr3=2Eh; Eh=r ¼ k1ek2 r þ k3

Elastic parameters k1 ¼ 2:00� 107 g s�2 cm�1, k2 ¼ �22:53 cm�1

k3 ¼ 8:65� 105 g s�2 cm�1
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bZ root
0 ð0Þ ¼ 8lk

pr3
root

XN

i¼0

1
a3 þ b3

� �i

: ð15Þ
We extend this expression to the structured tree with the minimum radius termination criterion via a simple observation:
adding an additional generation to a terminal vessel increases the average root impedance. This allows us to use (15) to cre-
ate upper and lower bounds for the average root impedance
8lk

pr3
root

XN1

i¼0

1
a3 þ b3

� �i

6 bZ root
0 ð0Þ 6 8lk

pr3
root

XN2

i¼0

1
a3 þ b3

� �i

; ð16Þ
where N1 and N2 are the smallest and largest generation terminal vessels, respectively. As rmin ! 0;N1 !1. Thus (16) implies
that as rmin ! 0; bZ root

0 ð0Þ behaves like a geometric series which converges only when the quantity a3 þ b3 is larger than 1. By
definition of the various scaling parameters, we have an þ bn ¼ 1 and thus
1
a3 þ b3 <

1
an þ bn ¼ 1
for n > 3. Therefore, Ẑroot
0 ð0Þ converges as rmin ! 0 if and only if n > 3.

Physiological and theoretical values of n from the literature are given in Table 2. In [13], Murray develops an expression
for the work required to operate a section of vessel, and later calculates that a value of n ¼ 3 minimizes this work [12]. Uy-
lings [29] generalizes Murray’s results to include the possibility of non-laminar flow, leading to n ¼ 2:33 for turbulent flow
and agreeing with Murray’s n ¼ 3 in laminar flow. Olufsen proposes n ¼ 2:76 [16]. Additionally, Suwa et al. [27] and Rossitti
and Lofgren [22] have obtained estimated values of n by direct measurement. In Table 2, a ‘‘sample’’ refers to a triplet of val-
ues ðrp; rd1; rd2Þ measured at a single bifurcation.

While this collection of measured and theoretically determined values for n does exhibit some variation, all of these
values share one important characteristic: they are all no bigger than 3. Thus, using any of these values will result in the
average root impedance being highly sensitive to the choice of rmin for small values of rmin, since the process is akin to trun-
cating a divergent series.

Fig. 2 shows numerically computed solution curves at a point of the right middle cerebral artery in simulations of the
Circle of Willis using values of rmin equal to 20;40;60;80, and 100 lm. The details of the numerical simulation are given
in Section 5. The above analytical result shows that one component of the boundary condition, bZ root

0 ð0Þ, is sensitive to
rmin; these numerical results confirm that this sensitivity to rmin is also present in the solution itself. For instance, changing
rmin from 20 lm to 40 lm changes the average pressure at the end of the right middle cerebral artery from 257 mm Hg to
156 mm Hg.
4. Implementation

4.1. Well-definedness of the structured tree boundary condition

The algorithm outlined in Section 2 allows for the calculation of bZk ¼ bPk=bQ k for each k 2 Z at outlet boundaries of the
network. However, implementing these values as a boundary condition is not trivial. In [17], P and Q are described as being
related by the following convolution
ed values for the scaling parameter n.

Samples sd Notes Source

1533 0.081 r P 100 lm Suwa et al. [27]
1455 0.092 r < 100 lm Suwa et al. [27]
157 0.7 Measurements from ICA, ACA, MCA Rossitti and Lofgren [22]
N/A N/A Theoretical optimum, laminar flow Murray [13]
N/A N/A Theoretical optimum, turbulent flow Uylings [29]
N/A N/A Olufsen [16]



Fig. 2. Pressure and flowrate curves using rmin ¼ 20;40;60;80; and100 lm. The red (top) curves correspond to rmin ¼ 20 lm and the blue (bottom) curves
correspond to rmin ¼ 100 lm. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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PðtÞ ¼ 1
T

Z t

t�T
ZðsÞQðt � sÞds; ð17Þ
where Z is the function whose Fourier coefficients are bZk. In practice, the integral in (17) is replaced by an N-point quadrature
rule ([17] suggests a composite trapezoidal rule), and values of Z are approximated by taking the inverse discrete Fourier
transform of N values of bZk. Unfortunately, as suggested by Fig. 1 and proven in the Appendix, bZk does not converge to 0
as k!1 and thus, by the Riemann–Lebesgue Lemma, the integral in (17) does not exist as written.

It is however possible to derive a mathematically sensible boundary condition from the impedance values. Consider the
Fourier series expansion for the pressure
PðtÞ ¼
X1

k¼�1

bPkeixkt ¼
X1

k¼�1

bZk
bQ keixkt : ð18Þ
In Section 2, @tQ was taken to be continuous and Q periodic. This implies that the Fourier coefficients of Q ; fbQ kg, are in ‘1.
Additionally, since the sequence bZk converges to a finite limit, it is bounded. These two facts imply that the expression (18) is
well-defined since the series converges absolutely.

The implementation of (18) can only use a finite number of values of Q. A natural choice is to replace the series in (18) by a
partial sum and approximate bQ k by computing the discrete Fourier transform of the values of Q. Using an analogue of the
Poisson summation formula for Fourier series, as well as the fact that fbQ kg 2 ‘1, it can be shown that this process is an
asymptotically valid approximation to (18) as N !1, i.e.
lim
N!1

XN�1
2

�N�1
2

bZk
eQ ðNÞk eixkt ¼

X1
k¼�1

bZk
bQ keixkt; ð19Þ
where eQ ðNÞk is the approximation of bQ k computed by the DFT. To implement (19) as written in the context of a numerical
simulation would require the computation of a DFT at every time step to update the values of eQ ðNÞk . It is possible to rewrite
this expression in the following alternative form
XN�1
2

�N�1
2

bZk
eQ ðNÞk eixkt ¼ Dt

T

Xm�1

p¼m�N

Q ðm� pÞDtð ÞZNðpDtÞ; ð20Þ
where the values of ZN are obtained by applying the inverse discrete Fourier transform to N values of bZk. This expression is
relevant for two reasons. First, to compute the approximation to (18), one does not need to perform a DFT at every time step.
Instead, it is only necessary to perform a single inverse DFT at the outset of the simulation to compute the values of ZN . Sec-
ond, (20) is precisely the equation obtained when one approximates the convolution integral in (17) by the N-point compos-
ite trapezoid rule and approximates Z by computing the inverse DFT of N values of bZk. Therefore, the method of ‘‘discretizing
the integral’’ in (17) advocated in [17] leads to a correct result even though its justification is lacking. That interpretation is in
fact both incorrect and dangerous. For example, one could derive an expression analogous to (20) by using another quadra-
ture rule; this would result in a different and incorrect boundary condition.
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4.2. Convergence to periodic regime

We now numerically investigate the claim that the solution becomes periodic. To do so, we rewrite the solution~u ¼ ½A;Q �
‘‘modulo T’’ into a sequence of grid functions ~ukðxm; tnÞ ,~uðxm; tn þ kTÞ. We also define
Fig. 3.
Fourier
when u
reader
Dk~u , max
n¼1;...N;xm2X

jj~ukðxm; tnÞ �~uk�1ðxm; tnÞjj1;
where N is the number of time steps per period and X is the set of all spatial points in the network. The components of
~uk �~uk�1 are scaled by their temporal averages to make Dk~u a measure of the relative change in the solution from one period
to the next. In the case of the structured tree boundary condition, the issue is complicated by the fact that in addition to
providing initial data for all unknowns, one must also prescribe an initial history of the flowrate Q for t 2 ½�T;0� at the
end of each outlet vessel, see (20). To test the dependence of the solution on the initial history of Q, we solve the problem
with 1,000 different sets of initial histories of Q for the outflow vessels of the Circle of Willis. We use constant initial histories
of Q equidistributed between 0 cm3/s and 5 cm3/s. With each choice of initial history, the solution converged to the same
limiting periodic regime to a tolerance of Dk~u < 10�3 in five periods or less. This confirms convergence to a periodic regime
and only mild dependence of the choice of initial history.

In some cases, such as for large multidimensional simulations, it is desirable to use better guesses for the initial history in
order to shorten the initial transient in the solution [7]. This can be achieved by solving directly for the Fourier coefficients in
(11) and (12). These equations can be solved in each of the considered vessels under the same boundary conditions as for the
original one-dimensional formulation used above. The dimension of the resulting system is given by the product of the num-
ber of vessels by the number of unknowns per vessel (2 here, P and Q) by the number of retained Fourier modes. Further,
with the exception of the inflow conditions, the resulting equations are linear. The computational cost linked to this ap-
proach is negligible compared to solving (8) and (9) numerically.

This method allows for a remarkably accurate approximation of Q with very few Fourier coefficients. In Fig. 3, Q is approx-
imated with five Fourier coefficients, only three of which are computed since Q is real. Taking this approximate solution for Q
as an initial history for the numerical simulation of (8) and (9) yields a sizable acceleration of the convergence of DN~u. Using
the accurate initial history yields values of DN~u that are roughly 15 times smaller than the values of DN~u when a constant
initial history is used for each value of N.

4.3. Computational costs

Once the first N bZk’s, Fourier coefficients of the impedance, have been determined (and a corresponding single inverse DFT
has been taken, as explained above in Section 4.1, the application of the boundary condition only requires the calculation of
the convolution (20) at each time step for each outflow vessel. The overall corresponding costs therefore scale linearly with
the number of time steps and the number of outflow vessels.

The calculation of the impedance itself is greatly simplified by the geometric assumptions made in Section 2.1. The con-
stant ratios defined between parent and daughter vessels (a and b) allow the number of different vessel sections to grow qua-
dratically with the number of generations, rather than exponentially as it would for a general tree [16].

5. Numerical experiments

We consider the numerical simulation of blood flow in the Circle of Willis, a ring-like structure of arteries in the human
brain, see Fig. 4. Vessel radii and length measurements are taken from [3]. Within individual vessels, we use the system (8)
The left figure denotes the flowrate at the end of the left anterior cerebral artery, obtained by solving (8) and (9) in blue and from approximating five
coefficients in red. On the right, the values of DN~u using the approximate solution as an initial history for Q (red) are compared to the same values
sing a constant initial history (blue). Parameter values are those from Table 1. (For interpretation of the references to colour in this figure legend, the
is referred to the web version of this article.)



Fig. 4. Schematic representation of the Circle of Willis. Velocity curves indicate inflow vessels, and trees indicate outflow vessels.
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and (9) for the cross-sectional area, A, and the flowrate, Q. A characteristic study shows that, at standard operating regime,
changes in cross-sectional area and flowrate propagate at speed U � s, where U ¼ Q=A is the flow velocity and s > jUj. In
other words, within each vessel, one boundary condition at each end is required.

There are three types of boundaries in this network: inflow/outflow boundaries and junctions. For inflow boundaries, we
enforce Q

A ¼ U, where U is velocity data measured using digital transcranial Doppler technology at the Beth Israel Deaconess
Medical Center. For outflow boundaries, we use the structured tree boundary condition (20). At junctions, we impose mass
conservation and continuity of pressure, see [3] for more details and justification. To solve this boundary value problem, we
use a Chebyshev collocation method with backward Euler time discretization. All numerical simulations were implemented
with a time step of 0.01 s and 6 spatial grid points per vessel. Grid refinement study indicates that this is sufficiently many
grid points to ensure reasonable accuracy. This discretization is well adapted to the smooth solutions being sought, has suf-
ficient resolution and is extremely low cost (and is thus well adapted to calibration procedures).

If all inflow boundary conditions used in the above context are periodic of period T, the corresponding solution is ex-
pected to become periodic of period T after an initial transient. While the authors are not aware of any corresponding ana-
lytical proof, this phenomenon is universally observed in simulation (see below) and is consistent with physiological
experience. This periodic long-term solution is of prime interest in perfusion studies.
5.1. Choosing rmin: comparison to measured data

As established in Section 3, the value of rmin is of critical importance. This issue is exacerbated by the fact that the param-
eter rmin is not strictly physiological, since in the human body arteries do not merely terminate. This rules out the possibility
of obtaining rmin by direct measurements. However, we show that one may optimize rmin to achieve reasonable agreement
with measured data. We compare the output of our numerical simulations to velocity measurements at each outflow vessel
of the Circle of Willis (Left and Right ACA, MCA, and PCA) as well as blood pressure measurements obtained using a contin-
uous noninvasive finger arterial blood pressure monitor in supine position.4 The velocity data was obtained using digital
transcranial Dopper technology5 at locations approved by the Institutional Review Board at the Beth Israel Deaconess Medical
Center.

We seek to find the 6 values of rmin (one each for the Left and Right ACA, MCA, PCA) that minimize the following cost
function:
4 Ohm
5 PM
X6

k¼1

jjUðkÞmodel � UðkÞdatajj
jjUðkÞdatajj

þ jjP
ðkÞ
model � Pdatajj
jjPdatajj

( )
;

where jj � jj denotes the L2-norm, U denotes velocity, and P denotes pressure. This optimization is complicated by the fact that
the model solution is a step function with respect to rmin (changing rmin either adds vessels, removes vessels, or produces no
change). Thus gradient-based optimization methods are unusable, so we implement the Nelder–Mead algorithm, a simplex
eda, Monitoring Systems, Englewood.
D 150, Terumo Cardiovascular Systems and Spencer Technologies Inc, Ann Arbor, MI and Seattle, VA, USA.



Table 3
Optimized values of rmin and their corresponding relative errors with respect to measured data.

Vessel Optimal rmin(lm) Velocity error Pressure error

R PCA 109.24 0.126 0.127
R MCA 109.85 0.142 0.128
R ACA 198.37 0.146 0.129
L PCA 83.48 0.066 0.127
L MCA 95.00 0.148 0.128
L ACA 90.03 0.083 0.128

Fig. 5. The blue, solid curve is the model solution, and the red, dashed curve is data. These two vessels were chosen because they represent the best (Left
PCA) and worst (Left MCA) fits to data, respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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based direct search method which requires no derivative information [14,9]. We use Tim Kelley’s Nelder–Mead MATLAB
code [8].

The results in Table 3 and Fig. 5 show that it is possible to choose rmin so as to agree reasonably well with data; this is done
in a vessel specific fashion. It is worth noticing that we only optimize the minimum radii parameters and that pressure val-
ues are measured in the finger.
5.2. Comparison to Windkessel boundary condition

A popular alternative to the structured tree is the 3-element RCR Windkessel boundary condition [1]
CR1R2@tQ þ ðR1 þ R2ÞQ ¼ CR2@tP þ P: ð21Þ
Although the structured tree and Windkessel appear different, we show that remarkably similar results can be obtained by
using either boundary condition. If P and Q are periodic with period T and regular enough to be expressed as a uniformly
convergent Fourier series, (22) implies the following relation for the values of the impedance
bZWK
k ¼ ixkCRpRs þ Rp þ Rs

1þ ixkCRp
; ð22Þ
where xk ¼ 2pk=T . We estimate the parameters C;Rp, and Rs by minimizing the following quantity:
XN�1
2

k¼�N�1
2

bZWK
k � bZST

k

			 			2; ð23Þ
where bZST
k denotes the impedance values obtained by the structured tree method using parameters from Table 1. The min-

imization was done using the Levenberg–Marquardt algorithm [11]. Fig. 6 displays the results in the Anterior Communicat-
ing Artery, which is the vessel where these two conditions give results that disagree the most. The pressure curves are nearly
indistinguishable. The relative L2 norm of the difference between the two flowrate curves is 6:67� 10�3, whereas, in the
remainder of the circle of Willis, the two boundary conditions give results differing by no more than 1:42� 10�4, roughly
50 times smaller than the difference pictured in the flowrate curves in Fig. 6.



Fig. 6. The blue, solid curve is obtained from the structured tree boundary condition, and the red, dashed curve is the Windkessel. The results pictured are
from the Anterior Communicating Artery and the disagreement between the structured tree and the Windkessel is substantially greater than the other 15
vessels in the circle of Willis.
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6. Conclusion

The structured tree boundary condition has the advantage of being physiologically based, unlike most of the other out-
flow boundary conditions used in hemodynamics. The analytical and numerical sensitivity studies from Section 3 show the
solutions to critically depend on the minimal vessel radius rmin which is used in the construction of the impedance. In prac-
tice, rmin has to be considered as a parameter to be tuned through calibration rather than measured through clinical exper-
imentation. This fact unfortunately mitigates the physiological ties of the method since the retained values of rmin have no
reason to coincide with, for instance, the radii of the smallest capillaries, as can be shown through implementation.

The derivation of the structured tree model relies heavily on the problem being periodic. This is a reasonable assumption
for many clinical studies. There is, however, no justification for using such a model in the study of strokes, sudden vessel
occlusion or other abrupt changes in the state of the patient. It would be beneficial if this boundary condition could be ex-
tended or reformulated in a way that would allow it to model general transient phenomena. This task is challenging as the
periodicity assumption is essential to the reduction of the Navier–Stokes equations, as well as to the use of the discrete val-
ues of the impedance as an implementable boundary condition. In the periodic case, our work shows that the results from
the Windkessel condition and the structured tree condition can be made nearly identical.

Even if one is primarily interested in the periodic case, the usual approach here is to solve a transient problem with no
‘‘built-in periodicity’’ except possibly in the boundary conditions. The problem is then solved in time until the solution be-
comes ‘‘sufficiently’’ periodic. This process can be framed as a fixed point iterative process, which requires an initial guess of
an entire period of the flowrate at each outlet. Numerical results in Section 4.2 show that it is not necessary to use accurate
initial flowrates to achieve convergence, and this limit appears to be independent of this initial guess. However, we show
that it is possible to accelerate convergence by using an accurate initial guess. We demonstrate a method of computing this
accurate initial guess by solving a simplified version of the hemodynamic equations used in the full numerical simulations. It
may be possible to extend this method to more complicated cases. For example, one could perform a 1D or 2D simulation to
provide an initial guess for the flowrate for a 3D simulation. Doing so could potentially yield substantial computational
savings.
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Appendix A. High frequency limit of the impedance

We show that the expression (5) converges to a real, nonzero limit as xk !1, which in turn yields the limiting value of
the root impedance as xk !1. Olufsen [16] evaluates 1� Fk by the use of two different asymptotic expansions (one for
xk � 0, another for large values of xk). For large values of xk:
1� Fk ¼ 1� 2
r

ffiffiffiffiffiffiffiffiffiffiffi
l

ixkq

r
:



6096 W. Cousins, P.A. Gremaud / Journal of Computational Physics 231 (2012) 6086–6096
Defining C ¼ L
ffiffiffiffiffi
qC
A0

q
; D ¼ 2

r

ffiffiffi
l
q

q
(note C;D are positive reals), then
xkL
c
¼ Cxk 1� D=

ffiffiffiffiffiffiffiffi
ixk

p� ��1=2
¼ Cxk 1� D=

ffiffiffiffiffiffiffiffiffi
2xk

p
þ iD=

ffiffiffiffiffiffiffiffiffi
2xk

ph i�1=2
¼ Cxkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� D
ffiffiffiffiffi
2
xk

q
þ D2

xk

4

r e�
i
2 arctanðf ðxkÞÞ;
where f ðxkÞ ¼ D=ð
ffiffiffiffiffiffiffiffiffi
2xk
p

� DÞ
Im
xkL

c

� �
¼ �Cxkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� D
ffiffiffiffiffi
2
xk

q
þ D2

xk

4

r sin
1
2

arctan f ðxkÞð Þ

 �

¼ �Cxkffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� D

ffiffiffiffiffi
2
xk

q
þ D2

xk

4

r f ðxkÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ f ðxkÞ2

q� �2

þ f ðxkÞ2
s ;
since limk!1f ðxkÞ ¼ 0 and limk!1xkf ðxkÞ ¼ þ1; limk!1Im xkL
c

� �
¼ �1 and thus limk!1 tan xkL

c

� �
¼ 1=i. Notice also that for

large k; Im xkL
c

� �
– 0 so cos xkL

c

� �
– 0 and we may factor out cos xkL

c

� �
from the numerator and denominator of (5) to give:
lim
k!1

bZ root
k ð0Þ ¼ lim

k!1

bZ root
k ðLÞ þ i cCð Þ�1 tan xkL

c

� �
1þ icC tan xkL

c

� �bZ root
k ðLÞ

¼
ffiffiffiffiffiffiffiffi
q

A0C

r
:

It is worthy of note that this limit does not depend on any of the root vessel’s daughter vessels, and is thus independent of all
morphometric parameters (a; b; k). For example, in Fig. 1, the value of limk!1Ẑk to 2 decimal places is 6970:79.
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